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Abstract
This paper presents an application of global sensitivity analysis for system safety analysis of reciprocating aircraft engine. 
Compared with local sensitivity analysis results, global sensitivity analysis could provide more information on parameter inter-
actions, which are significant in complex system safety analysis. First, a deterministic aviation reciprocating engine thermody-
namics model is developed and parameters of interest are defined as random variables. Then, samples are generated by Monte 
Carlo method for the parameters used in engine model on the basis of definition of factor distribution. Eventually, results from
engine model are generated and importance indices are calculated. Based on the analysis results, design is improved to satisfy 
the airworthiness requirements. The results reveal that by using global sensitivity analysis, the parameters could be ranked with
respect to their importance, including first order indices and total sensitivity indices. By reducing the uncertainty of parameters
and adjusting the range of inputs, safety criteria would be satisfied. 
Keywords: sensitivity analysis; safety analysis; airworthiness; reciprocating aircraft engine; design verification 
1. Introduction1
General aviation is defined as all aviation other than 
military and scheduled commercial airlines. General 
aviation has become one of the world’s most important 
and dynamic industries. It touches every aspect of our 
lives, our economy and our future. For example, gen-
eral aviation contributes more than 150 billion to the 
United States economy annually and employs more 
than 1 265 000 people [1]. As to the engine type, sin-
gle-engine piston-powered airplanes comprise most of 
the current general aviation aircraft. In the United 
States over 80
 of the general aviation fleet are 
equipped with single piston engine and most of them 
are personal-use aircraft, thanks to their relatively low 
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acquisition cost [2].
Aerospace Recommended Practice (ARP) was de-
veloped in the context of Federal Aviation Regulations 
(FAR) and Joint Airworthiness Requirements (JAR). 
System development process model was introduced by 
ARP 4754. In this model, safety assessment progress 
and system development process interact with each 
other [3]. This kind of development assurance estab-
lishes confidence that system development has been 
accomplished in a sufficiently disciplined manner to 
limit the likelihood of development errors that could 
impact aircraft safety. As to system safety analysis, 
ARP 4761 was developed as a document of standards 
for safety analysis [4]. System safety assessment (SSA) 
is an essential step in the process of system safety analy-
sis according to ARP 4761. SSA verifies whether the 
safety requirements are met in the implemented design. 
Sensitivity analysis is an essential tool in the process 
of SSA. Firstly, at design stage, there is unavoidable 
lack of detailed information about the system. Fur-
thermore, detailed mathematical model of interaction 
between engine and its operation environment is not 
feasible at this stage. It is desired to identify the most 
Open access under CC BY-NC-ND license.
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important factors in order to get supplementary infor-
mation. These information could be introduced by 
questioning the manufacturer on a limited number of 
elements or by enhancing some aspects of the rather 
simple analysis model used in the SSA phase [5]. And 
secondly, if the safety requirements were not met, de-
sign should be changed until it satisfies the require-
ments. Hence, it is typically useful to figure out which 
factors are the most important. Then more effects could 
be focused on these important factors to improve the 
safety level. Probably it is these important factors that 
push the global behavior of the engine into a critical 
zone, while other parameters have almost no influence 
on its behavior. Finally, it is inevitable that uncertain-
ties exist between the design model and the real engine. 
These uncertainties may arise from manufacture, op-
eration environment, maintenance, etc. After the safety 
assessment, some special measures should be taken to 
ensure that the actual safety level of the most important 
factors is consistent with the safety level used in SSA, 
if necessary. Safety assessment should hence benefit 
from the large amount of on-going research devoted to 
developing sensitivity analysis within large industrial 
engineering and modeling [6-7].
Typically sensitivity analysis was performed using a 
one-factor-at-a time (OAT) approach [8], i.e., each fac-
tor is perturbed in turn while keeping all other factors 
fixed at their nominal values. When the purpose of 
sensitivity analysis is to assess the relative importance 
of input factors in the presence of factor uncertainty, 
this approach is only justified if the model is proven to 
be linear. This approach is naturally limited as it does 
not permit accounting for simultaneous variation of 
uncertain parameters and it is carried out with respect 
to a reference situation [5], although it is known that 
parameter interactions are generally important in sys-
tem safety analysis.  
Another sensitivity analysis method has been referred 
to as importance measures in the literature [9]. Quantita-
tive measures of sensitivity were defined to measure the 
importance. The Fourier amplitude sensitivity test (FAST), 
the Sobol’I’s method [10] , the measures of importance of 
Iman and Hora [9], and those of Ref. [11] all coincide with 
importance measures. Generally, the system output is 
generated by numerical method which is time-consuming 
when complex problems have to be solved. Meanwhile, 
Monte Carlo method is employed to obtain statistics of 
system output. In order to achieve more insight in the 
model behavior in an efficient way, Sobol’I’s method is a 
choice [12-13].
The objective of this paper is therefore to propose a 
modus operandi for sensitivity analysis in SSA which 
takes into account the uncertainty of factors and the 
interactions between parameters by using importance 
measures. This paper also shows how to improve 
safety design level based on the results of sensitivity 
analysis, which is a critical step in system safety analysis. 
2. Methods 
The methodology developed in this paper is shown 
in Fig. 1. First, a deterministic engine thermodynamics 
model is needed that is called “nominal model” in this 
paper. This model should include parameters of interest 
and design outputs which can be compared with the 
defined safety criteria. Second, samples are generated 
by Monte Carlo method for the parameters used in en-
gine model on the basis of factors distribution definition. 
Last but not least, data statistics function processes the 
results obtained from engine model and calculates the 
importance indices. If the SSA results meet the safety 
requirements, the design steps into the next stage. Other-
wise, design should be improved until the requirements 
could be satisfied. The important indices provide helpful 
information for the design improvements. 
Fig. 1  Sensitivity analysis embedded in SSA. 
2.1. Nominal model 
A 50 kW two-stroke lightweight heavy-fuel recipro-
cating engine is considered in this paper and the nu-
merical 1D thermodynamics model was developed. At 
this stage, thermodynamics parameters need to be con-
firmed to satisfy the power requirements but not to 
exceed the safety boundary. Obviously, high pressure 
and high temperature will contribute large power and 
high power-to-weight ratio that is desired in 
aero-engine. However, this may threaten structure in-
tegrity. Therefore, pressure and temperature in the cyl-
inder should be calculated and verified. 
The model consists of intake system, exhaust system, 
fuel injection control system and other function blocks. 
Intake pressure and temperature were treated as input 
factors. As it was a two-stroke engine, scavenging area 
was one of the important parameters. Other parameters 
would be discussed in the following sections. Combus-
tion model imposed the combustion burn rate using a 
three-term Wiebe function. Classical Woschni correla-
tion was adopted as the heat transfer model. When the 
simulation convergence satisfied the criteria, the 
maximum pressure would be extracted from the simu-
lation results by a specific function block. 
2.2. Variables of interest and safety criteria 
In order to ensure structure integrity, the pressure 
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should not exceed the pressure limit. Hence, a safety 
criterion is that the maximum pressure, pi, should re-
main lower than a critical value, pc, during the possible 
regime of the engine. Therefore, 
cmax( )
i
i
p p!  (1) 
should be checked. 
In the probabilistic framework, this criterion could 
be verified by checking that a given percentile of the 
model output does not exceed the deterministic thresh-
old value. And the probability of unsafe condition 
should meet the airworthiness requirements. 
Note that there could be several other safety criteria 
to ensure the safety of the engine, such as maximum 
temperature limit. These safety assessments could also 
follow the same procedure described in this paper. 
The variables of interest may affect the maximum 
pressure and can be changed at this design stage. These 
variables are modeled by random variables, whose 
probability distributions are chosen according to engi-
neering experience from former engine models and 
expert judgments. When available data cannot provide 
enough information, alternative principles can also be 
applied to determining the probability distributions, 
such as Jaynes’ maximum entropy principle [14-15]. For 
this study, Table 1 summarizes the random variables 
and their distributions used in the model. These vari-
ables are supposed to be independent. 
Table 1  Distribution of random variables 
Factor Symbol Distribution Value 
Inlet pres-
sure/(105Pa) in
p Uniform 1.3, 1.8
Inlet temperature/K 
in
T Uniform 273 , 313  
Rotation 
speed/(
1
r min

" ) s
R Uniform 2 280, 2 520  
Intake manifold 
diameter/mm in
D Normal 70, 1.22  
Exhaust manifold 
diameter/mm ex
D Normal 72, 1.22  
Intake port maxi-
mum area multiplier in
A Normal 1, 0.457 
Exhaust port maxi-
mum area multiplier ex
A Normal 1, 0.457 
Compression ratio 
r
C Normal 17, 1.83 
Injected mass/mg injM Uniform 19.54, 21.54  
Start of injection/(°) ingA Uniform 20, 40
2.3. Sensitivity analysis and design verification 
Sensitivity analysis is an essential tool that allows for a 
better insight in the behavior of scientific models [16]. As 
discussed above, sensitivity analysis can detect the most 
important parameters. This allows reducing the dimen-
sionality of the space of model input. Also, the sensitivity 
analysis can rank parameters with respect to their impor-
tance. The most important parameters are the best candi-
dates for improving the safety level. 
Sensitivity analysis based on derivatives of the 
model output with respect to the parameters is local 
sensitivity analysis, as these methods only provide lo-
cal information on the relative importance of the pa-
rameters around a reference point in the space of the 
model inputs, and do not allow for quantifying interac-
tion between parameters [5].
Compared with local sensitivity analysis, most of 
global sensitivity analysis is based on the variance de-
composition of the model output, such as the Sobol’I’s 
method adopted in this study [17-20]. Meanwhile, thresh-
old probability is one of the analysis goals. Monte 
Carlo method is applied to gaining useful complemen-
tary insights into the model behavior. 
Sensitivity measures based on variance decomposi-
tion give useful information for parameter priority [16].
Assuming that Y= f (X) is the output of the determinis-
tic model, X the random vector of model input pa-
rameters X=[x1 x2 … xk], then the first order sen-
sitivity indices are defined as 
( ( | ))i i i
i
Y
V E Y x
S
V
 (2)
where V(g) and E(g) denote the variance and the ex-
pectation operators, respectively. For a system with k
factors there may be interaction terms up to the order k
[10]:
12
1i ij ijm k
i i j>i i j>i m> j
S S S S        (3)
By substituting xi with xi in Eq. (2), we obtain V#i
(Ei (Y| xi))/VY . By definition this is the first order ef-
fect of xi, which can be demonstrated to equal the sum 
of all terms in Eq. (3) that do not include xi. Hence 
STi= 1V#i(Ei(Y|xi))/VY equals the sum of all terms that 
do include xi. The total sensitivity indices [8,12] are ex-
pressed as 
T
( ( | )) ( ( | ))
1 i i i i i ii
Y Y
V E Y x E V Y x
S
V V
      (4)
where xi means all variables but xi.
The variables associated to the highest values of first 
order indices are supposed to be the most important 
factors in terms of their effects on the system output. 
The total indices give information on the presence of 
interaction in the model. A significant difference be-
tween first order and total indices indicates that inter-
actions with other parameters are very important [8].
According to the airworthiness requirements, the de-
sign criterion is related to the probability of non-oc-
currence of a critical value. This problem can be tack-
led by Monte Carlo method. 
Sobol’I’s sequence was employed to determine the 
sensitivity indices by considering the factors separately. 
In this study, formulas proposed by Ref. [12] were used. 
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For the initial design, 4 256 independent simulations 
have been performed for each of 10 factors for a total 
of 51 072 model runs. 
3. Results and Discussion
3.1. Importance ranking 
Table 2 shows the importance ranking according to 
first order indices and total indices. Convergence of the 
most important first order indices and the most impor-
tant total indices is displayed in Fig. 2. 
Table 2  Importance ranking according to first order 
indices and total indices 
No. Symbol Si
Rank by 
Si
STi
Rank by 
STi
1 inp 0.010 3 4  0.057 3 5 
2
in
T 0.005 4 5  0.003 5 8 
3
s
R 0.001 5 8  0.001 3 9 
4
in
D 0.004 2 6  0.010 9 6 
5
ex
D 0.002 7 7  0.000 3 10 
6
in
A 0.098 2 3  0.154 8 3 
7
ex
A 0.000 6 10  0.092 5 4 
8
r
C 0.243 2 1  0.276 0 2 
9 injM 0.000 8 9  0.004 7 7 
10 ingA 0.235 0 2  0.512 1 1 
Fig. 2  Convergence of the most important first order indices 
and the most important total indices. 
As first order indices show, the most important pa-
rameter is the compression ratio rC , followed by start 
of injection and intake port maximum area multiplier. 
The results indicate that the compression ratio should 
be dedicatedly designed and strictly controlled. Com-
pared with fuel mass injected, start of injection is more 
important with respect to the influence on the maxi-
mum pressure. From different rankings between intake 
parameters and exhaust parameters (see Table 2 No. 
4-No. 7), it can be seen that intake parameters play a 
more important role. 
The total indices give information on the presence of 
interaction in the model. The most important factor is 
start of injection instead of compression ratio, which is 
different from first order indices ranking. This means 
that the start of injection depends on other parameters 
to a larger extent, compared with compression ratio. It 
is in full agreement with engineering judgment. The 
exhaust port maximum area multiplier Aex factor has 
become the 4th important factor from the 8th place. It 
is indicated that the influence of exhaust port maxi-
mum area multiplier on the maximum pressure is cou-
pled with other parameters. In other words, the exhaust 
port maximum area multiplier should be designed to be 
consistent with other parameters. 
Figure 3 shows the convergence of the mean and 
variance of normalized maximum pressure. The maxi-
mum pressure is normalized by the maximum pressure 
at design point. As shown in, both of the curves be-
come steady after about 1 000 simulations. However, 
the mean of normalized maximum pressure is less than 
1, which means that most of the operation did not reach 
the desired level. This is caused by the poor distribu-
tion of the input parameters. 
3.2. Safety assessment and design improvement 
As discussed above, the initial design does not 
satisfy the performance requirements. In order to 
assure the engine safety, redesign is needed. Firstly, 
the uncertainty of parameters should be reduced 
based on the first order indices ranking. Meanwhile, 
the range of parameters should be consistent with 
each other, especially those with high total indices. 
During the selection of redesign parameters, feasibility 
should be considered. Some uncertainty may come 
from required operation conditions, while some may be 
caused by manufacture and maintenance. Apparently, 
manufacture and maintenance uncertainties should be 
firstly tackled to assure the engine safety. 
In this study, inlet pressure and inlet temperature 
required by operation conditions are difficult to change, 
though their importance indices are not low. Hence, 
manufacture factors are chosen to be modified. Pa-
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rameters (see Table 2 No. 6, No. 8 and No. 10) were 
redesigned according to the analytical results and the 
statistics for normalized maximum pressure before and 
after design improvements are shown in Table 3. 
Fig. 3  Convergence of the mean and variance of normalized 
maximum pressure. 
Table 3  Statistics for normalized maximum pressure 
before and after design improvements 
Statistic Before After 
Mean 0.990 1.000 
Variance 0.045 0.015 
Frequency of “safety” 0.970 1.000 
From Table 3, one can see that before the design im-
provements, frequency of “safety” is about 0.970. 
Whether this result could meet the airworthiness re-
quirement or not depends on derived requirements 
from functional hazard assessment (FHA) conducted 
on specific aircraft type. Generally, failure of structure 
integrity belongs to catastrophic failure conditions 
whose probability requirement is less than 1.0×10 9
per flight hour [4]. It has to be pointed out that in some 
cases, this quantitative requirement could be different
from this number. In this study, 0.990 is assumed to be 
the threshold. After the design improvements, the fre-
quency of “safety” rises to 1.000 and the requirement 
is met. 
Meanwhile, the distribution of engine performance 
becomes better. Figure 4 shows the histogram for nor-
malized maximum pressure before and after design im-
provements. The mean of normalized maximum pressure 
has changed from 0.990 to 1.000 and the variance has 
been reduced from 0.045 to 0.015. The change of distri-
bution indicates that redesign is better than the original 
design in terms of maximum pressure. 
Fig. 4  Histogram for normalized maximum pressure before 
and after design improvements. 
4. Conclusions 
1) This paper has presented an application of sensitiv-
ity analysis in SSA which takes into account the uncer-
tainty of factors and the interactions between parameters 
by using importance measures. For the particular study, 
the sensitivity analysis results show that the most impor-
tant contributors to the maximum pressure are the com-
pression ratio, start of injection and parameters related to 
the intake system. It is also shown that the influence of 
exhaust port maximum area multiplier on the maximum 
pressure is coupled with other parameters. 
2) This paper also shows how to improve safety de-
sign level based on the results of sensitivity analysis, 
which is a critical step in system safety analysis. Intake 
port maximum area multiplier, compression ratio and 
start of injection are chosen to be redesigned according 
to the analytical results and the frequency of “safety” 
increases from 0.970 to 1.000. In the mean time, statis-
tics of performance indicate that redesign is better than 
the previous one in terms of maximum pressure.  
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